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For the second year in a row, Ms. Perez s teaching fractions based upon the
framework for problem types and solution strategies provided in this book. She start.
ed this unit on fractions by having her students explore Equal Sharing and Multiple
Groups problems. On this day, she teaches a lesson in which she plans to highlight
and allow students to reflect as a class upon the Relational Thinking in a couple of

students’ strategies. She provides some background and then explains her thinking as
she was planning and teaching this lesson.

Ms. Perez’s Fifth-Grade Lesson

. My hifth-grade class has been studying fractions for about six lessons. Although the

* students had a unit on fractions last year, in many ways this was the first time they

- have really been pushed to think about the deep ideas of fractions. At the beginning

of the unit, a lot of my students didn’t think about fractions as numbers and most of
y

them didn’t connect fractions with what they knew about division of whole numbers.

Getting Started

Istarted fraction instruction by having students solve Equal Sharing problems. Because
~ we had already established a routine for solving and discussing problems and my stu-
- dents were used 1o tackling problems on their own, I didn’t show them what to do. 1
just used a context they were familiar with and told them that [ wanted them to solve
the problem in any way that made sense to them. I try to make time each day to let
students share their strategies so they can learn from each other. All of my students
were able to solve these problems, although some of them struggled at first with the
conventional names for the resulting share. After working with Equal Sharing prob-
lems, all of my students were able to correctly name fractional amounts for mixed num-

bets and for fractions less than one, and they understood that fractions were numbers.
I then moved on to Multiple Groups problems. I started with multiplication prob-

" lems with a unit-fraction amount in each group. For example, we solved the problem:

R

14' FAM MAKING SUB SANDWICHES for some friends. There will be 13 of us eating
T
. I sub sandwiches. | want to serve each person s of a sub sandwich. How many sub’
4" sandwiches do | need to make all together?

P}
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Many of my students used Relational Thinking strategies to solve this problem. For
example, they would say “4 one-fourths are a whole, so 8 one-fourths would be 2
sandwiches, and 12 one-fourths would be 3 sandwiches, and then you only need
another one-fourth of a sub. You would need 3% sandwiches to feed your friends.”
After working with several Multiple Groups problems—both Multiplication and
Measurement Division—where students were combining unit fractions, we moved
on to this multiplication problem with groups of nonunit fractions:

MR. DAVIS IS PLANNING an art project for his class. Each student will need % of

a package of clay to do this project. If Mr. Davis has 12 students in his class, how
many packages of clay would he need?

My firse goal in giving this problem was for each and every student to solve the prob-
lem using a strategy that made sense to him or her. My second goal was to find some
students who used Relational Thinking strategies and have them share those strate-
gies with the class. I knew a lot of students would either draw out every % package
of clay or repeatedly add three-fourths. Although these are valid strategies for solving
this problem, I was hoping to find some students who used Relational Thinking. For
example, maybe they would see that 2 groups of % was 1'4 and then combine groups
of 14 rather than groups of %. I was also hoping that someone might even recognize
that 4 groups of % was 3 and then be able to quickly combine groups of 3 while still
keeping track that 3 packages of clay would represent what 4 scudencs would get.
When the students who used Relational Thinking shared their strategies with the
class, I planned to introduce equations to help other students understand the Rela-
tional Thinking.

I started the lesson by reading the problem to the class and giving each student
a sheet of paper with the problem written on it. I walked around the room as the
students were solving the problem and mostly just watched what they were doing. If
students were frustrated or stuck, I asked if they needed help. Sometimes they said
no and I just moved on. If they said yes, Iasked them to tell me the story in their
own words. If they couldn’t recell the story, we worked on understanding what was

happening in the problem. I have some struggling readers and English language
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learners who often need some support to understand what is happening in the prob-
lem. T started by checking in with these students to see if they understood the story.

I asked them to show me how much 1 person would get. Some students drew ¥

of a
package of clay and others just wrote ¥%.

I then said, “Can you show me what would
2 people get?” I didn’t need any other probes today to help students get started. For
my students who really had to work to show me what 2 people would get, I asked
them to solve the problem for 6 students rather than 12. For students who solved the

problem quickly, 1 asked them to figure out how much clay would be needed for 21
students racher than 12.

Checking in on Students’ Strategies
Once everyone was started working, I began to

. < l/
71
look for evidence of Relational Thinking. I noticed BA/ 34 2—-— Y 3
- that Sonya and Lamar used Relational Thinking. ] Y | /o

Figure 5-1 shows Sonya’s paper. When I asked s %6 l‘l /o
| Sonya to explain to me what she had done, she said, - +i4 8 é
“% plus % is what 2 kids would get. I knew that s '/2 o ,
was 1. It is really easy to add 1% and 1%. That is Y12 9 74
+ how much 4 kids would get and it is 3 packages. ‘ 9

. (She pointed to the numbers in the second row as 1 Pac I(O:C}g{
she said this.) Then another 1% packages would be :
" 2 more kids, so 6 kids, and that is 4'% packages. 1 Figure 5-1. Sonyass strategy for 12 groups of %
just kept adding 14 packages, which is always for 2
- more kids, and kept figuring out how much clay that

would be. I stopped when I had 12 kids.” Her way of
writing her strategy was confusing, but her strategy | lL
made sense and used Relational Thinking. : Ko 8
Lamar’s paper is shown in Figure 5-2. When I 3 "{
asked him to explain his strategy, he said, “% plus % is uﬂ—
12, s0 14 packages is 2 people, double that, 3 pack- S
ages is 4 people, double that, 6 packages is 8 people, q 12
but if T double again, I get too many people. I need

q P rmKl_()gf-,

clay for 4 more people, so 3 more packages. 6 plus 3 Figure 5-2. Lamar’s strategy for 12 groups of %
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is 9, 50 9 packages.” Lamar used a more efficient Relational Thinking strategy than

Sonya. Again, his way of writing his strategy was pretty confusing,

but his strategy
made sense,

Sharing Strategies: Helping Students
Make Connections

- After the students had been working on

-

4

2 Wﬁ&'dﬁz? solving this problem for about twenty
Gf o . . .
Y @f“ﬂ‘,‘;/ minutes, I got their attention and told

- them that we were going to listen to

g
%%’;},f;‘é"' how each other solved the problem.

Alex solved the problem by drawing out
groups of % and I had him share first
(Figure 5-3 shows what Alex drew on

the board). I wanted to start wich a basic
strategy like his because all scudens would be able to understand it, and I wanted

a strategy pictured so that we could refer back to it when the Relational Thinking
strategies were shared.

Figure 5~3. Alex’s strategy for 12 groups of ¥

Alex said, “T wasn’t sure how many packages we would need so | just started
drawing packages and cutting them into fourths, I got kinda tired of drawing pack-

ages. I went back and colored in what one kid would get—see here is what one kid

would get. And then I thought, I need to remember how many kids are getting clay.
That is when I put the numbers on the top. When | gotto 12, I knew I could stop.
All T had to do was count the packages. I got 9.”

Ac this point, I was thinking about the students like Lucas who had struggled
with the problem and I wanted to make sure they understood Alex’s solution. Lucas
had drawn out Separate groups of % and gotten an answer of *%. I had Lucas g0 up
to Alex’s drawing and show me the clay that Alex gave the first person, and then the
clay Alex gave the second person. Since Alex used color, Lucas was easily able to do
this. I asked Lucas, “When Alex gave clay to 2 people, how many packages did he

use?” At first Lucas answered six-fourths. Through conversation and input from other
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students, Lucas was able to see that this could also be one and two-fourths or 1'4
packages.

After discussing Alex’s strategy, we moved on to Sonya. I wanted Sonya to share
her strategy before Lamar because I thought it would be easier to understand than
Lamar’s. Since the way that Sonya wrote her strategy was pretty confusing, my plan
was to introduce equations to help others understand her strategy. These equations

would also help us focus on the relationships that Sonya used.

Ms. Perez: Sonya is going to share next. Sonya, I'm not going to have you show
us what you wrote on your paper. I want you to tell us how you solved the prob-
lem. I am going to be the recorder, and I am going to write what you did using
equations. Everyone is going to have to listen and watch really carefully because I

want to make sure that what I write matches how Sonya solved the problem. OK,
Sonya, what did you do firse?

Sonya: First I knew that % and % is 14, "That is how much 2 kids would get.

Ms. Perez: She said % and ¥%. Does anyone have an idea how we could write that
in an equation? Peter?

Peter: She added them, ¥ plus Y is 1'4.
p

Ms. Perez: OK, does this equation [writing on the bo:!ard] show what Sonya did?
Yo+ = 14

Students: Yes.

Sonya: But that was 2 kids, you need to write 2 or you might forget,

Ms. Perez: Good point, should we write 2 Aids next to this?
YavY=1s 2 kids

Sonya: Yes, you can’t forget that that is how much for 2 kids.

Ms. Perez: OK, so we have 2 kids would use 1 packages of clay. Claire, can
you go up to Alex’s picture and show me where he shows thar 2 kids would get
1 packages of clay? [Claire goes up the board and uses her finger to circle the

first package and a half of Alex’s picture.] Claire, what number does Alex have up
there by that part of his strategy?
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Claire: 2, for 2 kids.

Ms. Perez: OK, Sonya, what did you do next?

Sonya: 14 and 1% is really easy for me to add. It is 3. So I got 3 packages, but I
had to remember that 3 packages is for 4 kids.

Ms. Perez: OK, let’s see if this equation represents what you just told me:

14+ 14 =3

Sonya: But you need the 4, you can’t forget the 4 kids.
Ms. Perez: OK, let me write that.

s+ 1'4=3 4 kids

Ms. Perez: Is that what you have done so far?

Sonya: Yes.

Ms. Perez: Alex, did you also find that 4 kids would use 3 packages?

Alex: Yes, I did [walks to the board]. Here is where I wrote the 4 kids and look,

they get 3 packages of clay [with his finger, circles the first 3 packages of clay and
the numeral 4 above it].

It is really important to have kids like Alex make connections between the more
basic strategy and the Relational Thinking strategy. I need to ask questions to stu-
dents to help them think about the strategies that other students are sharing. Even
though my questions help students listen and pay attention, the more important
purpose behind them is to help students draw connections between the strategies.
This helps students to see the relationships and maybe even to use the relationships
in their next strategy.

Next I wanted to focus on how Sonya moved from 2 kids using 1%, packages
of clay right to 4 kids using 3 packages of clay without needing to figure out how
much clay 3 kids would need. Many students didn’t understand what she did. 1
asked questions of students such as Terry and Peter, because I thought they were

close to undcrstanding, and with a little additional support, could understand the
strategy.
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Ms. Perez: Sonya went right from 2 kids to 4 kids. She never figured out how
much clay for 3 kids. With Alex’s strategy, I saw how much 3 kids would get

buc I don’t see it here with Sonya’s strategy. Terry, can you tell me what you

think she did?

Terry: I am confused. No one gets 1/ packages, they each get %.

Sonya: No, bur 2 kids get 1% packages so 4 kids get 3 packages. It is easier to
add 1'; than to add %.

Terry: I still don't get ic. I got 4 kids get 3 packages to0o, but I added % 4 times.
Tyrone: I think I get it. I¢’s like you double both: if 2 kids get 1% packages, the 4
kids get double whar 2 kids get, they get 3 packages.

Terry: [long pause] Oh, you double both, kids and packages. Oh, that is a good

idea!

Ms. Perez: Sonya, whart did you do nexr?

Sonya: I didn’t add another %, I added another 14, 4 plus 1% is 5%, that is G kids.
Ms. Perez: Terry, what do you think about this? She didn’t add another %.
Terry: No, she adds what 2 more kids would get, that is a good idea!

Ms. Perez: Peter, what do you think is the difference between what Terry did
and what Sonya did?

Peter: I did it like Terry, but I think I get what Sonya did. It is easier to add one

and one-halves than three-quarters, so she added what 2 kids would get each time.

I was pretty sure that Alex, Terry, and Peter now had an intuitive grasp of Sonya’s
strategy. The conversation probably helped other students to gain some understand-

ing too. Now I focused on the equations that could represent Sonya’s strategy.

Ms. Perez: Sonya, do you think you could write the next step with an equation?
[Sonya writes at board;]

4+1%=5% b fids
Terry: She did it again, she added what 2 kids would get.

Lamar: I thought she would double the whole thing, That’s what I did.

Ms. Perez: Lamar, we will look at yours soon, but let’s finish Sonya’s here.
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We continued with Sonya’s strate

board:

gy until we had the following written on the

Yivr V=14 2 kids
2+ 1%=3 4 kids
3+1Uh=4 b kids
4%+ 14=6 P kids
6+1'4=7% 10 kids
74+ 14=9 12 kids

If Sonya had shared without my writing anything down,
have been able to understand her strategy. Not only did thes
students understand her stratégy,

only a few students would
€ equations help other
they also helped us focus on the mathematical rela-
tionships she used. Students need to learn how to write equations to show their ideas.
My goal is for students to connect equations to strategies and problem situations and o
eventually be able to use equations to communicate mathematical ideas.

My work introducing equations to represent solution strategies reminds me of my
literacy instruction when I taught first grade. My first graders had all

my role was to introduce conventions that would hel

these ideas and
p them communicate their ideas.
For example, I taught them about spacing between words, capital letters,
mark off sentences, some standard spellings, and so on. It is much the sa
Lintroduce equations to these older students. The
problems,

periods to
me when
y have these great ways of solving

and my job is to introduce conventions so that they can repres
communicate these ideas.

ent and

Next I asked Lamar to share his strategy. I chose not to have him share what he
wrote because I wanted to continue to introduce equations to represent solution strat-
egies, and I knew that equations would focus on relationships in a way that Lamar’s

notation did not. I started by having Lamar explain how he solved the problem. He
is a student who needs to get his whole idea out there,

so I didn’t interrupt him with
notation right away.
Ms. Perez: Lamar, could you share how you solved this problem?
Lamar: I did % plus % is 1'4. 144 packages would be what 2 people would get. If
I double it, T have 3 packages and 4 people. If I double it again, I have 6 packages
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is 8 people. I tried to double the whole thing and I got 16 people and 12 pack-
ages, but that is too many people. With 6 people and 8, I need clay for 4 more
people, so 3 more packages. 6 plus 3 is 9, s0 9 packages for 12 people.

Ms. Perez: OK, can someone tell me what Lamar did?

Terry: It was too fast! '

Ms. Perez: Yes, it was fast. Sometimes it is hard to communicate our ideas only
with talking. Today, Alex used a picture to help us understand how he solved the
problem, and when Sonya shared, we wrote equations to help us understand how
she solved the problem. We are going to try to write equations to help us under-
stand Lamar’s strategy. Lamar, why don’t you start again? This time I am going to
try to write some equations to show what you did. Everyone needs to listen and
watch really closely because I want to make sure that what I write matches how
Lamar solved the problem. OK, Lamar, why don’t you tell us the frst part about
what you did?

Lamar: First, I found that 2 kids would need 1% packages, % plus % is 1%.

Ms. Perez: OK, does chis equation show what you did at first?

Y+ = 14

Lamar: Yes.

Ms. Perez: How about the rest of you, does this show what Lamar just said?
Sonya: What about the 2? He said there were 2 packages and you don’t have that.
Ms. Perez: Good point, I think we had this same problem when we started with
yours. How can we write an equation where we show that Lamar had 2 groups of %?
Claire: You could write 2 kids like we did with Sonya.

Ms. Perez: Yes, [ could do that. I am going to challenge you here though. Is

there a way that I could write an equation with a 2 in it that shows what he did?

Since Sonya’s strategy was about adding what 2 students would get each time, I
didn’t feel compelled to get the students to write a multiplication equation for her
strategy. Lamar did a lot of doubling and the best way to show doubling is with mul-
tiplication equations. I was hoping that we would be able to write a multiplication

equation, so I didn’t accept the suggestion that we write 2 pegple off to the side like |
did with Sonya.
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Peter: It isn’t % plus 2. That isn’t right.

Lamar: No, I didn’t add 2, I did 2 kids.

Ms. Perez: And how much did cach kid get?

Lamar: % package.

Ms. Perez: So you have 2 kids and each gets %. Can anyone think of an equation
that would go with 2 kids, each getting %? [Long pause in which no one volun-
teers.] What if instead of % of 2 package each kid got 5 packages, can you think
of how we could use an equation to show that 2 kids each get 5 packages?
Tyrone: We talked about this before, it could be 5 plus 5, but it could also be 2
times 5—2 groups of 5.

Ms. Perez: [writes 2 X 5 on the board] Tyrone says that this shows 2 groups of 5.

Now with the problem that you all just solved, did we have 5 packages for each
student?

Chorus: NO!

Claire: We had % for each kid.

Ms. Perez: How could we write 2 groups of ¥%? Remember, this one shows 2
groups of 5.

Tyrone: How about 2 times Y2

Ms. Perez: [writes 2 x Y4 How does that look for a start? What does this mean?
Lamar, what does this mean?

Lamar: 2 groups of %. That is what | did, 2 groups of % is 1'.

Ms. Perez: So is this a way of writing Lamar’s first step?

IXY=14

We discussed for quite some time why this equation fit with what Lamar did. I
knew this equation would challenge a lot of my students since many of them entered
fifth grade writing addition equations for simple multiplication story problems. For
example, if the problem was something like, “I have 5 buckets with 43 marbles in
each bucket, how many marbles do I have?” they would write:

43+43+43+43+43=n
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as the equation that goes with this problem. Of course this equation isn’t wrong, but
[ wanted them to know that

5%X43 =n

also represents with this problem. If they have a problem like 87 buckets with 43
marbles in each bucket, the only practical equation they can write to go with this
problem is a multiplication equation. Almost all of my students can now write mul-
tiplication and division equations to represent story problems with whole numbers,

but writing multiplication and division equations to represent situations that involve
fractions is a new challenge for them.

The Discussion Continues

Ms. Perez: OK, Lamar, let’s get back to your strategy. You started with 2 groups
of % is 1'4. Then what did you do?

Lamar: Then I just doubled it. If 2 kids is 1'4 packages, then 4 kids would be 3
packages. I wrote 3 and 4 on my paper.

Ms. Perez: So, I am wondering if there is an equation we could write that would

show this idea, that 4 kids would get 3 packages of clay.

Lamar: It is just like the one you wrote, but this time you have 4 groups of % is
the same as 3.

Ms. Perez: Do you want to come up and write it?

Lamar: Sure.

Ms. Perez: Write it here, right under where we wrote the other equation.

Lamar: OK.
2X Y =1Y%
4x3=3

Ms. Perez: OK, can someone read what Lamar just wrote and tell me what it
means?

Terry: 4 groups of % is 3. He said he doubled both, the kids and the clay.
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Ms. Perez: Does that work?

Terry: Yeah, if 2 kids have 1%, 4 kids will have 3. You double both.
Ms. Perez: Tyrone, what do you think?

Tyrone: I chink it’s right—4 groups of % is 3. Double the kids and double the

packages.

Ms. Perez: OK, then what did you do next?

Lamar: Hmm. I don’t remember what I already told you and what | didn’t tell
you yet.

Ms. Perez: Sometimes it is hard to remember just one part of how you solved the
problem. See if you can use the equations that we are writing to help you remem-
ber where you are.

Lamar: Oh, yeah, I doubled it one time, then I doubled it again, if 4 kids would
need 3 packages, then 8 kids would need 6 packages.

I'was happy that Lamar could look ar the equations we had written and figure
out what he had already explained to us. I hope eventually students will see that
equations not only help us communicate with others but also can help us solve
problems. Many students already use equations to solve problems with whole num-

bers. My goal is for them to be able to transfer this to their work with fractions.

Ms. Perez: OK, how about someone else, can someone else tell me what the
equation for this part would be? Alex, do you have an idea?
Alex: It has to have an 8 and a 6.

Ms. Perez: Yes, it does. Do you remember what Lamar said about the 8 and
the 6?

Alex: 8 kids would need 6 packages?
Ms. Perez: Yes, and how much does each kid ger?
Alex: % of a package.

Ms. Perez: OK, so 8 kids each get ¥ of a package and that is 6 packages. Is this
righe?

Alex: Yes.

Ms. Perez: And how could we write that in an equation?

Alex: I am not sure.
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Jessie: I have an idea. [Comes ro the board and writes.]

8X%=6

Ms. Perez: Why do you think that would work, Jessie?

Jessie: Because 8 groups of % is 6. That is what Lamar said.

Ms. Perez: OK, what do you think, Alex?

Alex: That is probably right.

Ms. Perez: OK, Lamar, what did you do next?

Lamar: {long pause, looking at the equations on the board] OK, I see where I

am. I doubled it again. If 8 kids get 6 packages, then 16 kids get 12 packages, but
that is too many kids so I crossed it off.

Ms. Perez: OK, Does this show what you did?

16 X 3% =12

Lamar: Yes, but that was too many kids, so I went back to 8 kids and 6 pack-
ages. I only need 4 more kids to get 12 kids and I already know thar 4 kids need
3 packages, so I just kind of added them together and got 12 kids would need 9
packages.

Mes. Perez: You just said a lot. Let’s break that down a little. Look at this equa-

tion [pointing], 16 x % = 12. Why did Lamar say that he couldn’t use this?
Peter: That is for 16 kids. It's too many kids.

Ms. Perez: OK, so what did he do?

Peter: He said he went back to 8 kids need 6 packages.

Ms. Perez: [points to 8 x % = 6] OK, so he went back ro there.

Peter: Yeah and he added 4 more kids, Oh, he has that up there! 4 times ¥ is 3.
Lamar: It is kinda like I added two equations together.

Ms. Perez: Let’s look at that:

4)(3/4:3
8X¥% =06

You added those together?

Lamar: Yeah, kinda, the way I think abouc it is, I had 4 groups of % and then §
groups of %, and that is like 12 groups of % altogether.
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Ms. Perez: Now that s interesting. What do the rest of you think? Would 4

groups of % plus 8 groups of % be the same as 12 groups of %?
Peter: It would have to be!

Terry: I need to hear it again.

Ms. Perez: Would 4 groups of % plus 8 groups of % be the same as 12 groups
of %42

Terry: Yes, it would, it is like what 4 kids get plus what 8 kids get would be the
same as what 12 kids get!

Ms. Perez: I am going to write this idea in an equation to see if that helps more
people think about it.

45X %+ 83 =12x%x3

Ms. Perez: I know this is a long equation here but let’s look at it together. 4
groups of % plus 8 groups of % is the same as 12 groups of %. Is that true?
Lamar: Yes, and that is what I did.

Sonya: Oh, I get it now! He did 4 people’s clay and 8 people’s clay is 12 people’s
clay. That’s right. '

Ms. Perez: So, Lamar, does this show what you did?

Lamar: No, I need to show the answer, I need to show the 9 packages.

Ms. Perez: Oh, of course you do. I got so excited about this equation that I for-
got about that! How could you show it?

Lamar: Could I just write = 9 at the end? Can you have two equal signs?

Ms. Perez: Actually you can, why don’t you do thar?
4X%+8%X%=12%x3%=9

Figure 5-4 shows what our board looked like.

I was really excited that Lamar said something about adding equations together.
Although that isn’t one of our standards at fifth grade, I know that in high school
algebra, students will eventually need to understand how they can add equations

together. I was also excited that the equation we wrote showed the distributive prop-

erty with a fraction amount in each group.
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That was a really complex equation
and several students were able to ralk
about it. It was my sense at this point
that about a third of the class under-
stood this equation. When we work wich
complex ideas like thié, I don't expect
everyone to understand them the first
time. And you never really know what
small seeds are planted for some students
who appear not to understand ar all.

We will return to this idea often, and I
cxpect everyone to grow in their under-

standing of these equations.

Figure 5-5. Students discuss their strategies
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Figure 5-4. The board after Ms. Perez and
Lamar finished writing equations to represent his
strategy
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