
ChatGPT Responses on Probability 
Distributions 

Prompt: I am an undergraduate student taking a probability class, explain 
the normal distribution to me. 

The normal distribution, also called the Gaussian distribution, is one of the most 
important probability distributions in statistics. It is commonly used to model real-world 
data, especially when there are many small, independent effects contributing to the 
observed values. 

Definition 

A random variable 𝑋 follows a normal distribution if its probability density function (PDF) 
is given by: 

𝑓(𝑥) =
1

√2𝜋𝜎2
𝑒
−
(𝑥−𝜇)2

2𝜎2 , −∞ < 𝑥 < ∞ 

where: - 𝜇 is the mean (center) of the distribution. - 𝜎2 is the variance, and 𝜎 (the square 
root of variance) is the standard deviation, which measures the spread. - 𝑒 and 𝜋 are 
mathematical constants. 

Key Properties 
1. Bell-shaped and symmetric: The normal distribution is symmetric about its mean 

𝜇, meaning that half of the data lies to the left and half to the right. 
2. Mean = Median = Mode: Since it is symmetric, all three measures of central 

tendency are the same. 
3. Empirical Rule (68-95-99.7 Rule): 

o About 68% of the data falls within one standard deviation (𝜇 ± 𝜎). 
o About 95% of the data falls within two standard deviations (𝜇 ± 2𝜎). 
o About 99.7% of the data falls within three standard deviations (𝜇 ± 3𝜎). 

The Standard Normal Distribution 

A special case of the normal distribution is the standard normal distribution, where: - 𝜇 =
0 (mean is 0). - 𝜎2 = 1 (variance is 1). 

A standard normal random variable is denoted by 𝑍 and follows: 

𝑍 ∼ 𝑁(0,1) 

You can convert any normally distributed variable 𝑋 ∼ 𝑁(𝜇, 𝜎2) to a standard normal 
variable using the Z-score formula: 



𝑍 =
𝑋 − 𝜇

𝜎
 

This transformation allows us to use standard normal tables (Z-tables) to compute 
probabilities. 

Why is the Normal Distribution Important? 
• Central Limit Theorem (CLT): The sum (or average) of a large number of 

independent random variables tends to follow a normal distribution, regardless of 
the original distribution of the variables. 

• Statistical Inference: Many statistical tests, like confidence intervals and 
hypothesis tests, assume normality. 

• Real-world Applications: Heights, IQ scores, errors in measurements, and many 
other natural phenomena follow a normal distribution. 

Would you like an example problem or a visualization to better understand it? 

 

Prompt: How is proportions related to normal distribution. 

Proportions and the Normal Distribution 

Proportions are related to the normal distribution through the Central Limit Theorem 
(CLT) and the normal approximation to the binomial distribution. 

 

1. Proportions in Probability & Statistics 

A proportion refers to the fraction of a population or sample that possesses a certain 
characteristic. If we have a sample of size 𝑛 and a proportion 𝑝̂ (sample proportion), it is 
calculated as: 

𝑝̂ =
𝑥

𝑛
 

where: - 𝑥 is the number of successes (e.g., people who answered “yes” in a survey). - 𝑛 is 
the total sample size. 

Since 𝑝̂ is a sample statistic, it varies from sample to sample and follows a probability 
distribution. 

 

2. Normal Approximation to the Binomial Distribution 

If we assume that the number of successes 𝑋 follows a binomial distribution: 



𝑋 ∼ Binomial(𝑛, 𝑝) 

then the sample proportion 𝑝̂ is: 

𝑝̂ =
𝑋

𝑛
 

For large enough 𝑛, the binomial distribution can be approximated by a normal 
distribution: 

𝑝̂ ≈ 𝑁 (𝑝,
𝑝(1 − 𝑝)

𝑛
) 

This approximation is valid when the sample size is sufficiently large, typically if: 

𝑛𝑝 ≥ 10 and 𝑛(1 − 𝑝) ≥ 10 

 

3. Central Limit Theorem (CLT) and Proportions 

The Central Limit Theorem (CLT) states that when taking repeated random samples of 
size 𝑛, the sampling distribution of 𝑝̂ will be approximately normal, regardless of the 
original population distribution, as long as 𝑛 is large enough. 

• The mean of the sampling distribution of 𝑝̂ is: 

𝐸(𝑝̂) = 𝑝 

• The standard deviation (standard error) of 𝑝̂ is: 

SE(𝑝̂) = √
𝑝(1 − 𝑝)

𝑛
 

This means that for large 𝑛, we can approximate the distribution of sample proportions 
using: 

𝑝̂ ∼ 𝑁 (𝑝,
𝑝(1 − 𝑝)

𝑛
) 

 

4. Using the Normal Distribution for Proportion Problems 

Since the sample proportion 𝑝̂ is approximately normal for large 𝑛, we can use Z-scores to 
calculate probabilities: 



𝑍 =
𝑝̂ − 𝑝

√𝑝(1 − 𝑝)
𝑛

 

This is useful for: - Constructing confidence intervals for population proportions. - 
Conducting hypothesis tests about population proportions. 

 

Example Problem 

A survey finds that 40% of people in a city support a new policy. A random sample of 200 
people is taken. What is the probability that the sample proportion 𝑝̂ is greater than 45%? 

Step 1: Identify Parameters 
• 𝑝 = 0.40 

• 𝑛 = 200 

• Standard error: 

SE = √
0.40(1 − 0.40)

200
= √

0.24

200
= √0.0012 ≈ 0.0346 

Step 2: Compute Z-score 

𝑍 =
0.45 − 0.40

0.0346
=

0.05

0.0346
≈ 1.45 

Step 3: Find Probability 

Using the standard normal table, the probability of 𝑍 < 1.45 is 0.9265, so: 

𝑃(𝑝̂ > 0.45) = 1 − 0.9265 = 0.0735 

Thus, there is about a 7.35% probability that the sample proportion exceeds 45%. 

 

Summary 
• Proportions can be approximated by a normal distribution when the sample size 

is large. 

• The mean of the sample proportion is 𝑝, and the standard error is √𝑝(1 − 𝑝)/𝑛. 
• The normal approximation is valid if 𝑛𝑝 ≥ 10 and 𝑛(1 − 𝑝) ≥ 10. 
• We use Z-scores to calculate probabilities and make statistical inferences about 

proportions. 

Would you like me to go over confidence intervals for proportions next? 



 

What is a t-distribution and how is it used? 

The t-Distribution and Its Uses 

The t-distribution, also called Student’s t-distribution, is a probability distribution that is 
similar in shape to the normal distribution but has heavier tails. It is used primarily when 
working with small sample sizes or when the population standard deviation is 
unknown. 

 

1. Definition of the t-Distribution 

A random variable 𝑇 follows a t-distribution with 𝜈 degrees of freedom (𝜈 = sample size - 1 
for a single sample) if: 

𝑇 =
𝑋‾ − 𝜇

𝑆/√𝑛
 

where: - 𝑋‾  = sample mean - 𝜇 = population mean - 𝑆 = sample standard deviation - 𝑛 = 
sample size 

The key difference from the normal distribution is that the denominator uses 𝑆 (sample 
standard deviation) instead of 𝜎 (population standard deviation), which introduces more 
variability, especially for small 𝑛. 

 

2. Key Properties of the t-Distribution 
1. Bell-shaped and symmetric, like the normal distribution. 
2. Heavier tails than the normal distribution, meaning more probability in the tails, 

which accounts for extra variability in small samples. 
3. As sample size increases, the t-distribution approaches the standard normal 

distribution (𝑁(0,1)). 
4. Defined by degrees of freedom (𝜈), which is typically 𝑛 − 1 for a sample. 

 

3. When Do We Use the t-Distribution? 

The t-distribution is used when: - The sample size is small (𝑛 < 30). - The population 
standard deviation (𝜎) is unknown. - The underlying population is approximately 
normal (or the sample size is large enough for the Central Limit Theorem to apply). 



It is commonly used in confidence intervals and hypothesis testing when working with 
means. 

 

4. Applications of the t-Distribution 

A. Confidence Intervals for a Mean 

When estimating a population mean 𝜇 using a sample mean 𝑋‾, the t-confidence interval 
is: 

𝑋‾ ± 𝑡𝛼/2,𝜈 ⋅
𝑆

√𝑛
 

where: - 𝑡𝛼/2,𝜈 is the critical t-value from the t-table with 𝜈 = 𝑛 − 1 degrees of freedom. - 
𝑆/√𝑛 is the standard error of the mean. 

Example: A study of 10 patients finds an average systolic blood pressure of 130 
mmHg with a sample standard deviation of 15 mmHg. What is a 95% confidence 
interval for the true mean? - 𝑛 = 10, so 𝜈 = 9. - From a t-table, 𝑡0.025,9 ≈ 2.262. - 
Standard error: 15

√10
= 4.74. - Confidence interval: 130 ± (2.262 × 4.74) = 130 ±

10.72. - Final CI: (119.28, 140.72). 

 

B. Hypothesis Testing for a Mean (One-Sample t-Test) 

We test the null hypothesis 𝐻0: 𝜇 = 𝜇0 against an alternative hypothesis 𝐻𝐴: 𝜇 ≠ 𝜇0 using 
the test statistic: 

𝑡 =
𝑋‾ − 𝜇0

𝑆/√𝑛
 

This is compared to the critical 𝑡𝛼,𝜈 value or used to find a p-value. 

Example: A factory claims its product has an average lifetime of 500 hours. A 
sample of 16 items has a mean of 480 hours and a standard deviation of 50 
hours. Can we conclude the mean lifetime is different at a 5% significance level? 
- 𝐻0: 𝜇 = 500, 𝐻𝐴: 𝜇 ≠ 500. - Test statistic: 𝑡 = 480−500

50/√16
=

−20

12.5
= −1.6. - With 𝜈 =

15, 𝑡0.025,15 ≈ 2.131. - Since |𝑡| = 1.6 < 2.131, we fail to reject 𝐻0 (not enough 
evidence to claim a difference). 

 



5. Comparing t-Distribution to the Normal Distribution 
Feature Normal (𝑁(0,1)) t-Distribution (𝑡𝜈) 
Shape Bell-shaped, symmetric Bell-shaped, symmetric 
Tails Lighter Heavier (more extreme values) 
Used When 𝜎 is known or large 𝑛 𝜎 is unknown, small 𝑛 
Degrees of 
Freedom 

Not needed Required (𝜈 = 𝑛 − 1) 

As 𝑛 → ∞ Stays the same Becomes normal 

 

6. Summary 
• The t-distribution is used for small sample sizes and when the population 

standard deviation is unknown. 
• It has heavier tails than the normal distribution to account for extra variability. 
• It is critical for confidence intervals and hypothesis testing when working with 

sample means. 
• As sample size increases, it approaches the normal distribution. 

Would you like an example on comparing two sample means using a two-sample t-test? 

 

Explain the chi-square distribution 

The Chi-Square Distribution and Its Uses 

The chi-square distribution (denoted as 𝜒2) is a probability distribution that arises in 
statistics when analyzing variances and categorical data. It is widely used in hypothesis 
testing, especially for goodness-of-fit tests, independence tests, and variance 
estimation. 

 

1. Definition of the Chi-Square Distribution 

The chi-square distribution is defined as the sum of squared standard normal variables. If 
𝑍1, 𝑍2, . . . , 𝑍𝑘 are independent standard normal variables (𝑍𝑖 ∼ 𝑁(0,1)), then the chi-square 
statistic is: 

𝜒2 = 𝑍1
2 + 𝑍2

2 +⋯+ 𝑍𝑘
2 

where 𝑘 is the degrees of freedom (df) of the chi-square distribution. 

We write this as: 



𝜒2 ∼ 𝜒𝑘
2 

where 𝑘 is the number of independent standard normal variables being squared and 
summed. 

 

2. Key Properties of the Chi-Square Distribution 
1. Right-skewed: The chi-square distribution is skewed to the right, especially for 

small degrees of freedom. As 𝑘 increases, it becomes more symmetric and 
approaches a normal distribution. 

2. Only positive values: Since it is a sum of squared values, 𝜒2 is always non-negative 
(𝜒2 ≥ 0). 

3. Mean and variance: 
o Mean: 𝐸(𝜒𝑘

2) = 𝑘. 
o Variance: Var(𝜒𝑘

2) = 2𝑘. 
4. Asymmetry depends on degrees of freedom: For small 𝑘, the distribution is highly 

skewed, but for large 𝑘, it approaches normality. 

 

3. When Do We Use the Chi-Square Distribution? 

The chi-square distribution is commonly used in three key scenarios: 

A. Chi-Square Goodness-of-Fit Test 
• Used to test whether observed categorical data fits an expected distribution. 

• Compares observed frequencies (𝑂𝑖) with expected frequencies (𝐸𝑖) using: 

𝜒2 = ∑
(𝑂𝑖 − 𝐸𝑖)

2

𝐸𝑖
 

• Example: Testing whether the number of students choosing different majors follows 
an expected distribution. 

 

B. Chi-Square Test for Independence (Contingency Tables) 
• Determines if two categorical variables are independent or related. 

• Based on a contingency table where we compare observed and expected 
frequencies. 

• The test statistic is: 



𝜒2 = ∑
(𝑂𝑖𝑗 − 𝐸𝑖𝑗)

2

𝐸𝑖𝑗
 

  where 𝑂𝑖𝑗 is the observed count and 𝐸𝑖𝑗  is the expected count in cell (𝑖, 𝑗). 

• Example: Testing whether gender and voting preference are independent. 

 

C. Chi-Square Test for Variance 
• Used to test whether a population variance 𝜎2 matches a hypothesized value 𝜎02. 

• The test statistic is: 

𝜒2 =
(𝑛 − 1)𝑆2

𝜎0
2  

  where: 

o 𝑆2 is the sample variance. 
o 𝑛 − 1 is the degrees of freedom. 

• Example: Testing whether the variance in blood pressure measurements is equal to 
a known standard. 

 

4. Example Problem: Chi-Square Independence Test 

A researcher surveys 200 students on whether they prefer online or in-person classes, 
categorized by gender. 

 Online In-Person Total 
Male 50 30 80 
Female 40 80 120 
Total 90 110 200 

Step 1: Compute Expected Counts 

Expected frequency for each cell: 

𝐸𝑖𝑗 =
(Row Total × Column Total)

Grand Total
 

For Males choosing Online: 

𝐸11 =
(80 × 90)

200
= 36 



Similarly, we calculate all expected values. 

Step 2: Compute Chi-Square Statistic 

𝜒2 = ∑
(𝑂𝑖𝑗 − 𝐸𝑖𝑗)

2

𝐸𝑖𝑗
 

After calculation, we compare 𝜒2 with the critical value or p-value from a chi-square table 
with (𝑟 − 1)(𝑐 − 1) degrees of freedom. 

 

5. Comparing Chi-Square to Other Distributions 
Feature Normal Distribution t-Distribution Chi-Square Distribution 
Shape Bell-shaped Bell-shaped Right-skewed 
Values Any real number Any real number Non-negative 
Used For Means Small-sample 

means 
Variance & categorical data 

Degrees 
of 
Freedom 

Not required Required (𝑛 − 1) Required (𝑘) 

 

6. Summary 
• The chi-square distribution is used in categorical data analysis and variance 

estimation. 
• It is always non-negative and right-skewed, but becomes more symmetric for large 

degrees of freedom. 
• It is used for: 

o Goodness-of-fit tests (do data fit a given distribution?). 
o Independence tests (are two categorical variables related?). 
o Variance tests (is the variance equal to a known value?). 

Would you like me to go over another example, such as calculating a chi-square 
confidence interval for variance? 

 



What is the F-distribution 

The F-Distribution and Its Uses 

The F-distribution is a probability distribution that arises in comparing variances and in 
various hypothesis tests, particularly in ANOVA (Analysis of Variance) and regression 
analysis. It is denoted as: 

𝐹 ∼ 𝐹(𝑑1, 𝑑2) 

where: - 𝑑1 (numerator degrees of freedom) and 𝑑2 (denominator degrees of freedom) 
define the shape of the distribution. 

 

1. Definition of the F-Distribution 

The F-distribution is formed as the ratio of two independent chi-square distributed 
variables divided by their respective degrees of freedom: 

𝐹 =
(
𝜒1
2

𝑑1
)

(
𝜒2
2

𝑑2
)

 

where: - 𝜒12 ∼ 𝜒𝑑1
2  and 𝜒22 ∼ 𝜒𝑑2

2  are independent chi-square distributed random variables. - 
𝑑1 and 𝑑2 are their respective degrees of freedom. 

 

2. Key Properties of the F-Distribution 
1. Right-skewed: The F-distribution is asymmetric with a long right tail. 
2. Always positive: Since it is a ratio of variances, 𝐹 ≥ 0. 
3. Defined by two degrees of freedom: 𝑑1 (numerator df) and 𝑑2 (denominator df). 
4. As degrees of freedom increase, the distribution becomes more symmetric and 

approaches a normal shape. 

 

3. When Do We Use the F-Distribution? 

The F-distribution is used in statistical tests involving ratios of variances, including: 

A. Analysis of Variance (ANOVA) 
• Used to compare means of three or more groups by analyzing variance among 

them. 



• The test statistic: 

𝐹 =
Between-group variance

Within-group variance
 

• If 𝐹 is significantly large, we reject the null hypothesis that all group means are 
equal. 

Example: Testing whether the mean exam scores differ across three different teaching 
methods. 

 

B. Variance Ratio Test 
• Compares the variances of two populations to determine if they are equal. 

• The test statistic: 

𝐹 =
𝑆1
2

𝑆2
2 

  where 𝑆12 and 𝑆22 are sample variances. 

• If 𝐹 is significantly large or small, we reject the null hypothesis that the variances 
are equal. 

Example: Testing whether the variability in test scores is different between two schools. 

 

C. Regression Analysis 
• In multiple regression, the F-test checks whether at least one explanatory variable 

significantly predicts the response variable. 

• The test statistic: 

𝐹 =
Explained variance

Unexplained variance
 

o Large 𝐹 values suggest a significant model. 

Example: Testing whether a set of predictors (e.g., study time, prior grades, attendance) 
significantly predicts final exam scores. 

 



4. Example Problem: One-Way ANOVA 

A researcher tests whether three diets lead to different weight loss results. The data is 
summarized: 

Group Sample Size Mean Weight Loss (kg) Variance 
Diet A 10 4.5 1.2 
Diet B 10 5.3 1.4 
Diet C 10 6.1 1.1 

• Compute between-group variance and within-group variance. 
• Calculate F-statistic and compare with the critical value. 

 

5. Comparing the F-Distribution to Other Distributions 
Feature Normal Distribution Chi-Square Distribution F-Distribution 
Shape Bell-shaped Right-skewed Right-skewed 
Range Any real number ≥ 0 ≥ 0 
Used For Means Variances Variance 

comparisons 
Degrees 
of 
Freedom 

Not needed 𝑑 𝑑1, 𝑑2 

 

6. Summary 
• The F-distribution is used in comparing variances and testing significance in 

ANOVA and regression. 
• It is always positive and right-skewed. 
• It is defined by two degrees of freedom: 𝑑1 (numerator) and 𝑑2 (denominator). 
• Common applications include: 

o ANOVA: Testing if multiple group means are different. 
o Variance ratio tests: Checking if two populations have the same variance. 
o Regression F-test: Testing if predictor variables significantly explain 

variation in the response. 

Would you like a step-by-step example calculation of an ANOVA F-test? 



Comments 
1. Generative AI tools like ChatGPT perform best when given specific and well-defined 

questions. Vague or broad prompts often result in lengthy and less targeted 
responses. 

2. When learning new conceptual material, relying on ChatGPT may not always be the 
most efficient approach. In many cases, a well-structured textbook provides 
clearer, more concise explanations. For instance, in the first prompt, ChatGPT 
provided a detailed explanation of the normal distribution but did not explicitly 
address its connection to hypothesis testing for proportions. 

3. While ChatGPT is undoubtedly a valuable tool, it may not always cover essential 
details of certain concepts with the depth and precision needed. 


